THE BISYMPLECTOMORPHISM GROUP OF A BOUNDED
SYMMETRIC DOMAIN

ANTONIO J. DI SCALA, ANDREA LOI, AND GUY ROOS

ABSTRACT. We determine the group of diffeomorphisms of a bounded symmet-
ric domain, which preserve simultaneously the hyperbolic and the flat symplec-

tic form.
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INTRODUCTION

Let © be an Hermitian bounded symmetric domain in a complex vector space
V' ; we always assume that (2 is given in its circled realization. The domain €2 is
endowed with two natural symplectic forms: the flat form wy and the hyperbolic
form w_. In a similar way, the ambient vector space V is also endowed with two
natural symplectic forms: the Fubini-Study form w, and the flat form wqy (see
Section 1 for the definition of w_, wg, wi). It has been shown in [1] that there
exists a diffeomorphism F': 2 — V such that

Frwg=w_, F‘wi=wy. (0.1)
This map is the same that was used in [4], with the property

Frw? = wy
(n = dimc V), to show that the flat volume of a bounded symmetric domain,
with some natural normalization, is equal to the degree of a canonical projective
embedding of its compact dual. In the one-dimensional case, where V = C and 2

is the unit disc A, this map is simply f : A — C given by
z

f(z) = ——. (0.2)
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Even in this case, it does not seem that the property (0.1) had been noticed before.
In the general case, the map F may be defined by

F(z) = B(z,2)" 4z, (0.3)

where B(z,z) denotes the Bergman operator of the Jordan triple structure on V'
associated to 2; it may also be defined by functional calculus in Hermitian pos-
itive Jordan triples. In view of the property (0.1), the map F is called map of
(bi)symplectic duality. The part F*wy = w_ tells that F is a realization of the iso-
morphism of Mc Duff [3] for the bounded symmetric domain Q; but the property
(0.1), which involves two pairs of symplectic forms, is much stronger. In order to
determine all diffeomorphisms F' : Q — V verifying (0.1), we determine the group
of bisymplectomorphims of €2, that is, diffeomorphisms ¢ : 2 — € such that

O wo = wpy, PTw_ =w_. (0.4)

This group is infinite-dimensional, but is the semi-direct product of the compact
group K of linear automorphisms of €2 with an infinite-dimensional Abelian group
of “radial circular diffeomorphisms” (Theorem 4); this is the main result of this
article and may be considered as a kind of Schwarz lemma.

The plan of this article is as follows. In Section 1, we recall known facts about Jor-
dan triple systems associated to bounded complex symmetric domains (see mainly
[2]); the only result we could not find in the literature is Proposition 1, which
describes the tangent space of the manifold of frames (the “Fiirstenberg-Satake
boundary” of ) in terms of Peirce decomposition in Jordan triples. In Section
2, we compute the symplectic forms wg and w_ using spectral decomposition in
Jordan triples, which is the appropriate generalization of polar coordinates. From
this, we derive in Section 3 a simple proof of the property (0.1), different from
the proof given in [1]. Section 4 is devoted to the study and characterization of
bisymplectomorphisms.

1. HERMITIAN POSITIVE JORDAN TRIPLES

Let Q be a bounded symmetric domain in a finite dimensional complex vector
space V. We will always consider such a domain in its (unique up to linear isomor-
phism) circled realization. Consider the associated Jordan triple system (V,{ , , }).
For basic facts about Hermitian positive Jordan triples and their correspondence
with complex symmetric domains, see [2], [4]. We recall hereunder those which will
be used here.

1.1. Definitions and notations. Consider the operators on the Jordan triple V'
defined by

D(z,y)z = {z,y, 2}, (L.1)
Qz,2)y ={z,y,z}, (1.2)
Q(z,7) = 2Q(z), (1.3)
B(z,y) = idv —D(z,y) + Q(2)Q(y). (1.4)

The operators D(x,y) and B(z,y) are C-linear, the operator Q(x) is C-antilinear.
The hermitian form

(u]v) =trD(u,v) (1.5)
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is a Hermitian scalar product on V; with respect to this product, D(z,z) and
B(x,z) are self-adjoint.

For z € V, the odd powers z*P*1 of z in the Jordan triple system V are defined
by

PN »(2p+1) Q(Z)Z@pfl)' (1.6)

An element e € V is called tripotent if e # 0 and e®® = e. Two tripotents e, e5 are
called (strongly) orthogonal if D (e1,es) = 0. A tripotent element is called minimal,
or primitive, if it is not the sum of two orthogonal tripotents. A tripotent element
e is called mazximal if there is no tripotent orthogonal to e.

1.2. Spectral decomposition. Each element z € V has a unique spectral decom-
position

z=Aer+ -+ e, (A > > X >0), (1.7)

where (e1,...,es) is a sequence of pairwise orthogonal tripotents. The integer
s =1k z is called the rank of z. Let VI be the R-subspace of V' generated by the
odd powers z,...,22P*tD and V, = V;* @1V, the C-subspace generated by the
odd powers of z. Then rkz = dimg V' and (ey,...,es) is an R-basis of V,F. The
rank of V is r = tkV = max {rkz | z € V'}; elements z such that rkz = rkV are
called regular. If z € V' is regular, with spectral decomposition

z=Me1+ -+ A\e, ()\1>--~>)\T>O), (1.8)

then (ey,...,e.) is a (Jordan) frame of V, that is, a maximal sequence of pairwise
orthogonal minimal tripotents.

1.3. Peirce decompositions. Let e € V' be a tripotent. Then the eigenvalues of
D(e, e) are contained in {0,1,2}. Define the Peirce subspaces of e as

Vi(e) ={2z €V | D(e,e)z =iz} (i €{0,1,2}). (1.9)
The decomposition
V =Vi(e) & Vi(e) ® Va(e) (1.10)

is called the Peirce decomposition of V w.r. to e. A tripotent e is maximal if
Vo(e) = 0, minimal if V5(e) = Ce. The Peirce subspaces compose according to the
law

{Vile), Vi(e), Vi(e)} C Viejrk(e), (1.11)

where V,,,(e) = 0 if m ¢ {0,1,2}; in particular, Peirce subspaces are Jordan sub-
systems of V. The C-antilinear operator Q(e) is 0 on Vy(e) & Vi (e); its restriction
to Va(e) is involutive. Let

Vyr(e) = {v eV | D(e,e)v =2v, Qe)v =v}. (1.12)

Then the decomposition of V(e) into (real) eigenspaces of Q(e) is
Va(e) = V3 (e) @i V5 (e). (1.13)
Let e = (e1,...,es) be a sequence of pairwise orthogonal tripotents. Then the

operators D(ej,e;), 1 < j < s commute and have the common eigenspaces
Vi(e) =Tale))  (1<j<s),
Vie(e) =Vile;) NValer)  (1<j<k<s),
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Voj(e) =Vi(e;) N (\Voler) (1 <j<s), (1.14)
k#j
Voo(e mVO ex)

(some of these subspaces may be 0). The decomposition

V= P Vile (1.15)
0<j<k<s
is called the simultaneous Peirce decomposition of V w.r. to e. If
z=Me1+ -+ e (A €0),
e=e1+---tes

and v € Vji(e), then

D(z,z)v = (\)\-|2 + |)\k|2) v (1.16)

Q(2)v = A AeQ(e)v, (1.17)
Q()Q(z) = [MAel* v, (1.18)

B(z,2)v = (1 - |Aj|2) (1 . |)\k\2) v (1.19)
B(z,—2)v = (1+ ) (14 1wl v (1.20)

where A\g = 0. So the Vji(e)’s are eigenspaces for all the operators D(z, z), B(z, z),

B(z,—2), z = A1e1 + -+ - + Ases.

1.4. Hermitian metrics and symplectic forms. Let V be a Hermitian positive
Jordan triple and let €2 be the associated Hermitian bounded symmetric domain.
Let

ho(z)(u,v) = (u | v) = tr D(u,v) (1.21)
be the flat Hermitian metric and let

wol(2) = 500 (=] 2),

o) on ) = 5 (0| 0) — (v] w)

be the associated flat symplectic form. If Q is endowed with the volume form w{
(n = dimc V), the Bergman kernel of  is

C
K(z,y) = ma
with C' = (fQ w(})fl. The Bergman metric of Q) is
h_(2)(u,v) = 0,0, In K(z,2) = —0,0, Indet B(z, 2).
It satisfies the relation

h_(2)(u,v) = ho (B(z,2) " 'u,v) . (1.22)

In view of this relation, B(z, z) is called the Bergman operator at z € €.
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The hyperbolic symplectic form of €2, associated to the Bergman metric, is defined
by

w_(z) = —%851ndetB(z,z). (1.23)

From (1.22), it results that the forms wy and w_ are related with the Bergman
operator by

w_(2)(u,v) = wo(B(z, 2) " u,v), (1.24)

for z € Q and u,v € T,).
The (generalized) Fubini-Study metric on V is defined by

hy(2)(u,v) = 0,0, Indet B(z, —z).
The associated Kéahler form is

wy(z) = %85111 det B(z, —z).
It is related to the flat form by

LL)+(Z)(’(L, U) ZWO(B(Za_z)ilrlL?U)' (125)
1.5. Polar coordinates. Let M be the set ot tripotents elements of the positive
Jordan triple V. Then M is a compact submanifold of V' (with connected compo-
nents of different dimensions). At e € M, the tangent space T.M and the normal
space N.M to M are

T.M =iV, (e) @ Vi(e), (1.26)
NM = Vo(e) ® V5 (e) (1.27)

(see [2], Theorem 5.6).

The height k of a tripotent element e is the maximal length of a decomposition
e=e1+ -+ e into a sum of pairwise orthogonal (minimal) tripotents. Minimal
tripotents have height 1, maximal tripotents have height » = rk V. Denote by M
the set of tripotents of height k. If V is simple (that is, if  is irreducible), the
submanifolds M}, are the connected components of M.

The set F of frames (also called Fiirstenberg-Satake boundary of Q):

F={(er,....,e;) | e;j €M, e Ley (1<j<k<r)}, (1.28)

(where e; L e, means orthogonality of tripotents: D(e;,er) = 0 or equivalently
{ej,ej,ex} = 0) is a submanifold of V". The following proposition provides a
description of the tangent space of F.

Proposition 1. Let e =(ey,...,e,) € F C V" and e = e; + -+ e,.. Then
(v1,...,0,) € TeF if and only if

’Uj :iOéij —|—’Uj0—|— Z ’Ujk (ISJST), (129)
1<k<r
k#j
where aj € R, vjg € Vpj(e), vjr € Vir(e) = Vij(e) and

Q(e)vjr = —vk;j I1<j<k<r). (1.30)
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Proof. Let (v1,...,v,) € TeF. As e; are minimal tripotents, we have
vj =T, My = iRe; @ Vi(e) = iRe; @ Voj(e) @ @D Virle),
1<k<r
ket

which shows that v; has the form (1.29).
The orthogonality conditions in a frame are

{ej.ej,ex} =0 (1<j<k<r).
Differentiating these conditions yields

{vj ejeny +{ej,vj,ent +{ej, 5,0} =0 (1<) <k <)
As D(ej,ex) = 0, this condition is reduced to

Q(ej,er)vj + Dlejej)op =0  (1<j<k<r). (1.31)
Let
Uj:iaj€j+vj0+ Z Vjim (lgjgr)
1<m<r
m#j
Then

D(ej,ej)vi, = vg;, Qej,ex)e; =0,
Qlej,ex) = Qlej +ex) — Qlej) — Qlex),
and we get from (1.17)
Qlej + ex)vjm = 6, Q(e)vjm, Q(e;)vjm =0, Q(ex)vjm =0,
Q(ej, ex)v; = Q(e)vjk.
This shows that the conditions (1.31) are equivalent to (1.30). O

Comparing the description of TeF with the simultaneous Peirce decomposition
of V w.r. to e, it is easily checked that T,F is a real vector space of dimension
2n — r, where n = dim¢ V. This implies that the map

{AM> - >A >0 XF = Vieg
(Mo An) s (en, o en) = Y Aje; (1.32)

is a diffeomorphism onto the set V,.s of regular elements of V; its restriction
{1>)\1>"'>>\T>O}Xf_>greg

is a diffeomorphism onto the set ()., of regular elements of 2. This map plays the
same role as polar coordinates in rank one.

1.6. Functional calculus. Using the spectral decomposition, it is possible to as-
sociate to an odd function f : (—=1,1) — C (resp. f : R — C) a “radial” map
F:Q—V (resp. F:V — V) in the following way. Let 2 € V and let

z=Mer+ -+ ek, A > > A >0
be the spectral decomposition of z. Define the map F = fassociated to f by
F(z) = f(M)er + -+ f(Mr)ex- (1.33)
Since f is odd, it follows from properties of tripotents that, for

Z:Alel+"'+)\re'r7
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where e = (e1,...,e,) is a frame and A1,..., A, € R, we have
F(z) = f(M)er + -+ f(Ar)es. (1.34)

If f is continuous, then F' is continuous.
If

N
f(t) — Zakt2k+1
k=0
is a polynomial, then F' is the map defined by
N
F(z) =Y a1 (zeV). (1.35)
k=0
If f is analytic, then F' is real-analytic; if f is given near 0 by
f(t) — Zathk:-i-l7
k=0
then F' has the Taylor expansion near 0 € V:
F(z)= Z apz Y, (1.36)
k=0
If fis C*°, then F is also C*°.

2. SYMPLECTIC FORMS IN POLAR COORDINATES

2.1. We compute the flat symplectic form wq in the “polar coordinates”

{AM> - >A >0 XF = Vieg
(M An) s (en,en)) = ) Ajey

If (21,...,2,) (n=dim V) are orthonormal coordinates for the Hermitian product
(u | v), then

n
wo :iZdzm/\dEm.

m=1
From
T
z = E )\j@j,
j=1
we have

dzm AdZm = Y ANdedejm AdCrm + D €jmerm dXj Ad Ay
J,k=1 k=1

,
+ ) A d X A (ejm dBrm — Ekm d ejm) -
Jik=1
Using (e; | ex) = 0;%, we get

wo = Z AjApwijk + 2 Z A dA; A nj, (2.1)

jk=1 jk=1
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where
i n n
Nk = 5 Z (ejm dékm — €km dejm) =i Z €im dékm ) (22)
m=1 F m=1 F
n
Wik =1 Z dejm ANdeg,| = dr]jk. (2.3)
m=1 F
We compute 7, and wj; using the description of T¢F given in Proposition 1.
Let v,w € TeF with v = (vq,...,0,), w = (wy,..., W),
Uj:iaj6j+vj0+ Z Vjim (1§]§T>,
1<m<r
m#j
wj =ifje; twjo+ Y wim  (1<j<r),
1<m<r
m#j

aj €R, w0 € Voie), vk € Vii(e),
Bi € R, wjo € Voj(e),  wjk € Vji(e),
Qe)vjr = —vij, Qe)wjr = —wy; 1<j<k<r).

Then, as the Peirce subspaces are orthogonal w.r. to ( | ), we deduce from (2.2)-(2.3)
nij(e)(v) =i(e; [ v;) = ay, (2.4)
nik(e)(v) =ile; [ve) =0 (j # k),

wik =dnr =0 (j#k)

and
i
wij(e)(v,w) = 3 ((v; [ wj) = (wj [ v5))
= (jo | wjo) + D (Vjm | wjm), (2.5)
1<m<r
m#j
where ( | ) denotes the symplectic product
i
(@ly) =5 @ly) =~ (ylz). (2.6)
Finally, we have
wo :Z)\?Wjj+2z>\jd)\j ANjj (2.7)
j=1 j=1

with w;; and n;; given by (2.5), (2.4). The expression (2.5) shows that the w;;
(1 < j <r) are linearly independent at each point e € F.
As

2(Q()z |y) = (D(z,7)z | y) = (2| D(z, 2)y)
= (2| D(y, 2)z) = (D(z,9)z | ) =2(Q(2)y | z),
the @ operator satisfies
QG)z |y) = (Q(2)y | ), (2.8)
QG)z|y) =—(z]Q(2)y) 2.9
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for all z,z,y € V.
For v,w € T, F, using

Qle)vjk = —vkj,  Qle)wjn = —wr; (L <j#k <),
we have then
(vji | wik) = (Q(e)vr; | Qle)wrs) = — (vij | Q(e)*wiy)
that is,
(vik [ win) = = (vr; | wis) (2.10)

as wi; € Va(e) and Q(e) is involutive on V(e). In view of (2.10), the flat symplectic
form wy in polar coordinates may be rewritten

wO—ZAQ o+ Z —A3) W&ZA dA; Anjj, (2.11)

Jj=1
1<j<k<7‘

where the 7;;’s are defined by (2.4), and the 0;¢’s and §,;’s by
0j0(e)(v, w) = (vjo | wjo) , (1<j<n), (2.12)
Oix(e)(v,w) = (Vi | wjk) (I1<j<k<r). (2.13)

for v,w € TeF. Note that these forms are (pull-backs of) forms on the manifold of
frames F and that the 6;¢’s are 0 when the domain is of tube type.

2.2. We compute now the hyperbolic form w_ and the Fubini-Study form wy in
polar coordinates.
Using

B(z,2) tvjo = (1- )\f)_l o (1<j<r),
B(z,z) vj, = (1 - )@)71 (1- )@)71 Vjk 1<j<k<r),
B(z,z)'e; = (1— )@)72 e; (1<ji<r)

in (2.11), (2.12), (2.13), we obtain

135(€)(B(z,2) " 0) = (1= A2) " n;5(e)(v), (2.14)
0j0(€)(B(z,2) v, w) = (1 - A2) ™" G;0(e) (v, w), (2.15)
0j1(e)(B(z,2) 'v,w) = (1 - )\?)71 (1- )@)71 0;1(e) (v, w), (2.16)

for z = Ae; + -+ Avep and v, w € TeF. From (1.24):
CL)_(Z)(U,U)) = wO(B(Z7 2)71’07’(1))

and the expression of wy in polar coordinates, we have

~ A X=X o)
wo=> g0+ D 5 5y Ok — L5 A
1= (=X 0= (- )

1<j<k<r

(2.17)
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In the same way, the Fubini-Study symplectic form on V is

T2 A2 4+ 22 “ooXid
wWa = A . . Oji +2 5 Al
LRt 2w a2 e M

j=1
1<j<k<r
(2.18)
3. SYMPLECTIC DUALITY
Consider the real analytic maps f =] — 1,1[— R and g : R —] — 1, 1], inverse of
each other, defined by
t
t) = —-1<t<1), 3.1
== ) (3.1
t
t) = teR). 3.2
o)== (teR) (3:2)

By the functional calculus described in Subsection 1.6, we associate to these maps
the real analytic diffeomorphisms, also inverse of each other

F= ]?: Q -7V,
G=g:V—-Q,
where 2 is the bounded symmetric domain associated to the Jordan triple V. If
e=(er,...,e) is aframe and z = 37, Aje;, then
T )\j
Fz)=) —ZL—¢; (2€9Q), (3.3)
j=1 4/ 1-— /\?
T )\J
Gl2)=) —ZL—¢; (z€V). (3.4)

j=1 \/1+/\?

Using (1.16)-(1.20), the maps F' and G may also be defined by
1 —1/2
F(z) = B(z,2) Y2 = (idv —§D(z7 z)) z (z € Q), (3.5)

~1/2
G(z) = B(z, 72)71/42 = (idv f%D(z, z)) z (ze V). (3.6)

The following theorem is the main result of [1]. We give here a different and
simpler proof, using the expression of the symplectic forms wg, w_, w4 in generalized
polar coordinates.

Theorem 1. (Symplectic duality)

Frwg=w_, Frw; =wo, (3.7)

G'wy =wy, G'w_ = wp. (3.8)
Proof. In polar coordinates, the map F is written

(A Ar) @) = (oo ) s ©)
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with
Aj
= ———. (3.9)
VY
As, by (2.11),
wOfZ)\ B0 + Z - 2) JkJrQZ)\ dX; Ay,

j=1
1<]<k<r

we obtain, using (3.9),

" )\

A2 A2
Pa=2 =gt 2 (1_32_1_3]%)9].”
J

1<j<k<7‘

TN d)
“1‘22 _)\2 7]]]7

which, compared to (2.17), gives F*wg = w_ on the open dense subset ).o; of
regular elements, and by continuity on all of 2.

The relation G*wy = w4 is proved along the same lines. The relations F*wy = wy
and G*w_ = wy follow, as F' and G are inverse of each other. O

In view of this theorem, the map F (or the map G = F~1!) is called the duality
map.
Ezample 1. (Type I; 1) Here V = C, Q is the unit disc,
¥ —idz/\dz " _idzAadz " _idzAadz
°T2 T 20— T 2(1 4222

The duality map is
z

V1—2z
Ezample 2. (Type I,,) Here V = C™ with the Hermitian norm 2] = > ziZj,
is the unit Hermitian ball,

F(z) =

i _ wo wo
:§Zdzj/\d2'], W_:ﬁ7 w-‘r:ﬁ'
(1= 11207) (1+11207)
The duality map is

Flz)= ——=

——
1 —||z]]

4. THE BISYMPLECTOMORPHISM GROUP

4.1. In this section we study to which extent a diffeomorphism F' :  — V satisfying
the property (3.7) is unique. If two diffeomorphisms Fy, F» : Q — V satisfy (3.7),
then Fy = Fy o f, where f : Q — € preserves wg and w_. This leads us to the
following definition.
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Definition 1. A bisymplectomorphism of 2 is a diffeomorphism f : Q — Q which
satisfies

f*wo = wo, (4.1)

ffw_=w_. (4.2)

Clearly, bisymplectomorphisms of ) form a group, which will be denoted by
B(Q) and called the bisymplectomorphism group of .

From (1.24), we derive a characterization of B(Q2) in terms of the Bergman
operator:

Proposition 2. Let Q be a bounded symmetric domain. Then a diffeomorphism
f € Diff () is a bisymplectomorphism if and only if it satisfies

fwo = wo, (4.3)
B(f(2), f(2)) od f(2) = d f(2) e B(z,2) (2€9Q).

Note that the second condition implies that the tangent map d f(z) maps invari-
ant subspaces of B, = B(z, z) to invariant subspaces of By .y, and that By, has
the same eigenvalues as B,.

Proof. Let z € Q, u,v € T,Q2. We have from (1.24) and (4.1)
w_(2)(u,v) = wo(B(z,2) " tu, sv)
= WO(d f(Z)B(Zv Z)ilua df(Z)U),
(ffw-) (2)(u,v) = w_(f(2))(d f(2)u, df( )v)
=wo (B(f(2), f(2)) 7 d f(2)u,d f(2)v),
so that, assuming (4.1), the condition ( 2)
wo(d F()B(,2) 1 d f(2)0) = wo (B (), £(2) 7 d F(2)ud £(2)0)
for all u,v. As wq is non smgular and d f(z) is leeCthG this is equivalent to
df(z) 0 B(z,2)" = B(f(2), f(2)) "' o d f(2),
that is, to (4.4). O

is equlvalent to

4.2. Here we study diffeomorphisms of 2 satisfying the condition (4.4). Recall that
B, = B(z,z) : V. — V is a C-linear operator, self-adjoint w.r. to the Hermitian
metric hg, positive if z € Q. Let r denote the rank of Q and V.

For z € Q, consider the spectral decomposition

z=MAep+Xea+ -+ A, 1 >A > > > A >0, (45)

where s =rkz < r =rkV. An element is called regular if rk z = rk V; for regular
elements, which form an open dense subset of , the decomposition (4.5) is the
decomposition using generalized polar coordinates.

Let
D v
0<i<j<s
be the simultaneous Peirce decomposition relative to (eg,...,es). Note that some

subspaces V;; may be 0. The operator B(z, z) may only have the eigenvalues

1-X)? (1<i<s), (1-A)A-X)) (A<i<j<s), (4.6)
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(1-X) (1<i<s), 1,
which occur respectively on the subspaces
Vieo Vijs  Voi, Voo (4.7)
The relation (4.4) then implies that B(z,z) and B(f(z), f(z)) have the same
eigenvalues with the same multiplicities. Moreover, if all eigenvalues in the list

(4.6) occurring for non-zero V;; are different, the non-zero subspaces of the list
(4.7) are the eigenspaces of B(z, z) and are mapped by d f(z) to the corresponding

eigenspaces of B(f(z), f(z))-

Definition 2. Let Q be an irreducible bounded symmetric domain and denote by
(V,{, , }) be the corresponding Jordan triple. An element z € V is called super-
regular if z is regular and if all eigenvalue in the list (4.6), occurring on non-zero
Vij, are different.

If V is of tube type or of rank 1, any regular element z € V is super-regular. If
V' is not of tube type, an element z € V is super-regular if it is regular and if its
spectral values satisfy

1- A2 # (1-22)7 (4.8)

for all (¢,7), ¢ < j. Clearly, super-regular elements form an open dense subset of V.
Let z € Q2 be an element of rank one. Then the spectral decomposition of z is

z=Mep, 0< A <1,

where e is a tripotent; the associated Peirce decomposition is
Vir = Va(er), Vor=Viler), Voo = Vo(er)

and the eigenvalues of B(z, z) on these subspaces are respectively
(1-22)%, 1-x3, L

It then follows that
f(z) = Men,

where €7 is a tripotent such that Va(e1) = d f(2)Va(e1), which means that e; and
€1 have the same height dim V5(e;) = dim Va(e1). In particular, if ey is minimal
(resp. maximal), then e; is minimal (resp. maximal).

Let V. be the C-subspace generated by the odd powers z,...,22P*D . Then
dim¢ V, =rkz < r, and dim¢ V, = r if and only if z is a regular element. Denote

P, =V, N

For z € 1, z # 0 with spectral decomposition z = Z?Zl ajej (aq > - > > 0;
k =rky x), P, is the k-polydisc

P, = {u = Zujej | |u;| < 1}.
Note that if u € P, and rky u = rky z, then V,, =V, and P, = P,.
Lemma 3. Let f: Q — Q be a diffeomorphism of € such that
B(f(2), f(z)) ed f(z) =d f(2) o B(z,2)
for all z € Q. Then for all z €
d f(2)V2 = Vi (4.9)
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Proof. Let z be a super-regular element and let
Z =161+ + pep

be the spectral decomposition of z in V; then V, := Ce; @ - - - @ Ce,. is the sum of
the eigenspaces of B(z, z) relative to the eigenvalues

(1 70[?)2 (1<j<r),
so that it follows from (4.4) that

d f(2)Vz = Vi
By continuity, (4.9) holds for all z € Q. O

Proposition 4. Let f: Q — Q be a diffeomorphism of  such that
B(f(2), f(z)) ed f(z) =d f(2) o B(z,2)
for all z € Q. Then for any element z € Q, z # 0, we have
[ (P:) = Py
Proof. Let s = rky z. We already know that d f(2)V. = Vj(.), which implies that
rky f(z) = z. So there exist continuous functions ; such that

df(z)u=3"Bi(u.2) (f(2)) ¥ (2€9Q, ueP,).
j=1

Consider a C* path 7 : [0,1] — P, from 1(0) = 2 to n(1) = w; let g(t) = f(n(t)).
Then g satisfies the differential equation

g'(5) = 3 800’ (0 m(t)) (9(6) ", (4.10)
9(0) = f(2).

Let

f(Z) = Z QLEE
k=1

be the spectral decomposition of f(z). Let h : [0,1] — C* be the solution of the
differential system

hk (O) = 0.
Then the solution of (4.10) is

g(t) = > h(t)er,
k=1

which shows that g(1) = f(w) belongs to Py.. O

Let K denote the group of linear automorphisms of €.
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Proposition 5. Let f: Q — Q be a diffeomorphism of  such that

B(f(2), f(z)) ed f(z) =d f(2) o B(z,2)
for all z € Q. Then any K -orbit is globally invariant by f.
Proof. Assume first that z = Aje; + -+ + Ae, is super regular. Then f(z) =
u1e1+ -+ -+ prer, and equality between the eigenvalues of B(z, z) and B(f(z), f(2))

implies A; = u;, hence f(z) € Kz and f(Kz) = Kz. By continuity, this also holds
for any z € Q. (|

4.3. We now go back to bisysmplectomorphisms of 2.

Proposition 6. Let Q be a bounded circled symmetric domain and denote by K
the group of linear automorphisms of Q. For each bisymplectomorphism [ € B(S2),
we have d f(0) € K.
As K C B(Q), it will be sufficient to study the subgroup
Bo() = {f € B() | d £(0) = idy }. (4.11)

Proof. Let (e1,...,e,) be a frame of V and let V = @Vlj be the associated
simultaneous Peirce decomposition. Consider a regular element
z=o1€e1 + -+ e,
1>a; > ->a>0. For f € B(Q) and z super-regular, we have f(z) = aye1 +
-+ + a,&., where (g1,...,&,) is a frame of V', which may depend on (aq,...,a;).
As Vj; = Ce; is the eigenspace of B(z,z) for the eigenvalue (1 — a?)2, we deduce
from (4.4) that
d f(z) (e;) € Ce;.
By continuity, there exists a frame (ef,...,e}) such that
d f(0) (e;) € Cé} (1<j<r).
Multiplying €} by a suitable complex of modulus 1, we may assume that
df(0)(ej) =N, ;>0 (1<j<r). (4.12)

VAR
We have also
N fltey)
A5(0)es) = Jip, 255

and f(te;) is a multiple of a minimal tripotent, with spectral norm | f(te;)|| <
tlejll, hence [|d f(0)(e;)|| < [lej|l and A} < 1. The same argument applied to

f~1 gives A; = 1. So the image of a frame (e1,...,e,) under d f(0) is a frame
(€1,...,e.) and the Peirce spaces Vjy, relative to (e, ..., e,) are mapped by d f(0)
onto the corresponding Peirce spaces V. relative to (ej,...,e7). In particular,

d f(0) is an R-linear map from Ce; onto Ce}. We have d f(0)(ie;) = fBej, with
Bl =1. As
wo(u,v) = % (tr D(u,v) — tr D(v,u)),
we have
wo(ej,ie;j) =trD(ej,e;),
wo (d £(0) (e),d £(0) (i€;)) = Tm Btr D(e} ).
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From trD(eg,e}) = trD(ej,e;) and f*wg = wp, we get ImB = 1, 8 = i, which

means that d f(0) is C-linear on Ce; & - - - & Ce,.. Finally, d f(0) is C-linear on V/,
maps minimal tripotents to minimal tripotents and 2 to €. (I

4.4. The unit disc. Let A be the unit disc of C. The associated triple product is
{u,v,w} = 2uvw. The Bergman operator is B(z, z)w = (1 —|z|?)?w. The Bergman
metric is

2uv

h,(u,v) = —————.

)= Ty

The two symplectic forms are
wop =idzAdzZ, (4.13)

wo

= 4.14
TPy )

Denote by S! the unit circle in C and consider the “polar coordinates” diffeomor-
phism
0:(0,1) x S* — A\ {0},
(r,¢) = r¢.
Then we have
d
O*wg =2rdr A —C
i¢
The following theorem characterizes the elements of B(A).
Theorem 2. The elements [ € B(A) are the maps defined by
fR)=u(lzl?) = (€4,
where u is a smooth function u : [0,1) — S ~ U(1).
In other words, the restriction of f to a circle of radius r (0 < r < 1) is the

rotation u (7"2) .

Proof. From (4.14), we see that a diffeomorphism f: A — A is a bisymplectomor-
phism if and only if f preserves wy and |f(2)| = |z| for all z € A.
If |[f(2)| = |z| for all z € A, the map F = ©~! o f 0 © may be written

(r,¢) & (r, 2(r,0))

for some smooth function Z : (0,1) x S* — S1. We have

4z dc Z
F*(e* =2 — =2 .
(0*wp) rdr/\iZ rdr A =7
If f preserves wyp, then F' preserves ©*wg, which implies
dcZ d¢
—_ = . 4.1
For r fixed, let u,(¢) = Z(r,() ; the condition (4.15) is then equivalent to
du, d¢
= 4.16
Uy ¢ (4.16)

for all » € (0,1). The condition (4.16) is in turn equivalent to
ur(¢) = v(r)q, (4.17)
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with v(r) € S1. The function v, which is given by

_ 2,0
U(T) - C )

is smooth on (0, 1) and
f(r¢) = ro(r)¢,
f(z)=v(lz]) = (4.18)

for z € A, z # 0; on the other hand, f(0) = 0. Let g be the restriction of f to
(—1,1); from (4.18), we see that g is odd. For x # 0, we have

1 d 1
oo) = [ Satse)ds =z [ g'(sa)ds
o ds 0
which shows that
1
v(r) :/ g'(sr)ds
0
extends to a smooth even function v : (—1,1) — S*. Let u: [0,1) — S* be defined
by
u(r) =v (Vr).

It follows then from Whitney’s theorem [5] that « is smooth at 0.
Conversely, if

F(2) = u(lz)z,

with w : [0,1) — ST smooth, then f satisfies |f(z)| = |z|, f is a diffeomorphism
with inverse f~1(w) = u(|w|*) " w; also, f preserves wy on A\ {0}, hence on A by
continuity. This implies that f € B(A). O

4.5. The polydisc. Let A™ C C" be the product of r unit discs. The Jordan
triple product on V' = C" is just the component-wise product

{x7yaz} =2 (xlmzlv cee 7xry72r) .

Let (e1,...,e.) denote the canonical basis of C". The minimal tripotents of V'
are the elements \je;, 1 < j < r, |A\;j| = 1. Any frame (maximal ordered set of
mutually orthogonal tripotents) has the form

()‘jea(j))lgjgr J

where |Aj| = 1 and 0 € &, is a permutation of {1,---,r}. The corresponding
Peirce decomposition is V = Cey 1) @ - - - ® Cey(yy).

Theorem 3. A diffeomorphism f : A" — A" belongs to By (A") if and only if
there exist smooth functions u; : [0,1) — S* such that u;(0) =1 and

Flaenzm) =Y i (15%) zie; (2 €4). (4.19)
j=1
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Proof. Let f € By(A") be a bisymplectomorphism with d f(0) = idy. Consider a
regular element z € A", that is,

z=zi1€e1 + -+ 2péyp,

with all |z;| different. The spaces Ce; of the corresponding Peirce decomposition are
mapped by d f(z) to the spaces Ce, ;) of another Peirce decomposition, for some
permutation o € &,.. This means that [d f(z) (e;)] = [e,(;)] for all regular z € A",
where [ ] denotes the class in P(C"); by continuity, this is true for all z € A”. As
{le], ..., [er]} is discrete in P(C") and d f(0) = id, we have [d f(z) (e;)] = [e;] and

d f(z) (Ce;) = Ce; (4.20)

for all z € A". This shows that f (z1,...,2,) = Z;Zl fi(z)e;, with | f;(2)] = |21
From (4.20), we deduce that f; depends only of z;. Each f; is then a bisymplecto-
morphism of the unit disc. According to Theorem 2, there exists a smooth function
u; : [0,1) — S' ~ U(1) such that

filz) =u; (15°) 2 (5 € D).
Finally, any f € By(A") has the form (4.19).

Conversely, each f of the form (4.19) is easily seen to be a bisymplectomorphism.
O

4.6. The general case. We assume now that the domain Q is irreducible, that
is, not a product of two bounded symmetric domains. In Theorem 4, we will
characterize the bisymplectomorphisms of 2. This theorem may be considered as
a kind of Schwarz lemma.

Let f € Bo(R). If z = )~ Aje; is aregular element, then P, = (Ce; & --- @ Ce, )N
Q and f(P,) = P,. For a frame e = (eq,...,e,.), let P(e) =(Ce; @ --- @ Ce,) N Q.
By the same argument as in the proof of Theorem 3, the restriction of f to P(e)
has the form

D o xiei = > N (I e,
j=1

where the u;’s are smooth functions u; : [0,1) — S!' ~ U(1). In the “polar
coordinates” ((A1,...,A;),e=(e1,...,€)), the map f is then represented by

(Ao An)e) = (A, A, (un (A e)er, ... ur (A2, e) ). (4.21)
Let w; (A;,e) = u; (A3, e). We obtain

n n
fmi; =1f" Z €jm d€jm =1 Z Wi€jm (Wj d€jm + €, dW;)
m=1 m=1
. de
Njj (ej | ;) w;
[rwij = wjj-

As Qs irreducible, (e; | e;) has the same value g for all minimal tripotents. Finally

wj

)

w

f*wO :Z)‘?wjj+22)‘jd)‘j/\ (’I]jj —ig

j=1 j=1
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T d .
=wo—2ig Y Nda A S

j=1
Then f*wg = wy implies that f € By(QQ), written in the form (4.21), satisfies

Wy

ks d .
YN da A S =, (4.22)
=1 Wi
As w; depends only on A; and e, this implies that de w; = 0. As the manifold
of frames is connected when the domain €2 is irreducible, w; does not depend on
e € F. As a permutation of a frame is again a frame, we have w; = --- = w, and
Uy == U
Finally, an element f € By(2) is written in polar coordinates

(Ao X)) (erseeven)) = (Ao X)L (w (M) er, oy u (W) er))
(4.23)

where u is a smooth function w : [0,1) — S* ~ U(1).

Theorem 4. Let Q) be an irreducible Hermitian bounded circled symmetric domain
and let K be the isotropy group of 0. The analytic (resp. C*°) bisymplectomor-
phisms of Q@ are the maps ¢ = f o g, where g = d¢(0) € K and f is associated to
v(t) = tu(t?), with u: [0,1) — St ~ U(1) analytic (resp. C*°) and u(0) = 1.
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