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Introduction

Peirce gradings V = Vo @ V] @V} of a Jordan system V are introduced in [4, 11]
as a generalization of Peirce decompositions with respect to idempotents. As shown
in [11], Peirce gradings are directly linked to involutive automorphisms and gradings.

In [4, 4.1], it is shown that the components V,,, & = 0, 1, 2 inherit nondegeneracy
and Von Neumann regularity from V', among other properties. In [1], it is shown
that Vy and V5 inherit strong primeness, primitivity, semiprimitivity and simplicity
from V. These results extend those obtained by McCrimmon [6, 7] about inheritance
of simplicity by the diagonal components of a Peirce decomposition with respect to
an idempotent.

Neher [11] gives examples of Pierce gradings not coming from idempotents. In-
deed, if we consider a Jordan system J with an idempotent e and take any nonzero
ideal J of J such that e ¢ J, then the usual Peirce decomposition J=Jole)®Ji(e)®
Jo(e) gives rise to a Peirce grading in J (with J, = J,(e) NJ for a € {0,1,2}) which
does not come, in general, from an idempotent of J. We will study, in the case of
Jordan algebras, if every Peirce grading of J comes from a Peirce decomposition with
respect of an idempotent in an algebra J containing .J as a subalgebra.

1 Partly supported by the Ministerio de Educacién y Ciencia and Fondos FEDER, MTM2004-
06580-C02-01, and by the Plan de Investigacién del Principado de Asturias, FICYT IB05-017.
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2 ANQUELA AND CORTES

The paper is divided into three parts, apart from a preliminary section in which
we outline some known results and definitions. In the first section we study Peirce
gradings of associative algebras and show that they always come from idempotents
in bigger algebras. We also show that not all Peirce gradings in special Jordan al-
gebras are induced by associative Peirce gradings. In the second section we give
a necessary condition on Peirce gradings of a Jordan algebra J for them to come
from idempotents in a bigger algebra, and build the natural extension J of J where
the idempotent element should be found. Finally, in Section 3, we prove that the
necessary condition of the previous section is also sufficient for Jordan algebras with-
out 2-torsion, by showing that then J is indeed a Jordan algebra. We also prove
that this additional condition holds automatically in sufficiently regular (for example
nondegenerate) Jordan algebras.

0. Preliminaries

0.1 We will work with associative and Jordan algebras over an arbitrary ring
of scalars ®. The reader is referred to [3, 9, 10] for basic results, notation, and
terminology, though we will stress here some definitions.

0.2 A quadratic algebra J in the sense of [5, Section 1] is given on a ®-module
by its squares z? and products U,y, for =,y € J. They are quadratic in  and linear
in y, so that we have their linearizations, given by z oy = V,y := (v +y)? — 22 — 9,
and Uy .y = Vy gz ={x,y, 2} = Upy,y—Uy—U,y. A quadratic algebra is a Jordan
algebra if it strictly satisfies

QL Vi = Ve,

Q2 UV, = V,U,,

QI3 Uy (2?) = (z*)?,
QJ4 U,U,(2*) = (Usy)?,
QJ5 U, = Uf,,

QJ6 Uy, = U, U,U,,

for any z,y € J, i.e., the polynomials ji(z,y) := Vy oy — Viry, jo(z,y) = Uy Voy —
V2 Uy, ]3(33) = Ux(x2) - (-12)2’ j4(377y) = U:cUy(xQ) - (ny)27 j5($,y) = Ug2ly —
U2y, jo(z,y,2) := Uy,yz — U,U,U,z vanish strictly on J, i.e., vanish on any scalar
extension of J.

0.3 One can get Jordan algebras from associative algebras by symmetrization:
Given an associative algebra R with products zy, for any =,y € R, one can built a
Jordan algebra, denoted R(Y), on the same ®-module and with the same squares as
R (2? = zx) and Jordan products U,y = zyx. A Jordan algebra is said to be special
when it is a subalgebra of R(*), for some associative algebra R.
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0.4 A Jordan algebra J is said to be unital if there exists a unit element 1 € J
such that, Uyz = 2, U,1 = 22, for any = € J. The unit element is unique (when it
exists) and idempotent (12 = 1). Any Jordan algebra J has a unitization J = J @ ®1,
which is a Jordan algebra built on the direct sum of J and a free ®-module with basis

{1}, given by
(z+A1)? = 224220+ \?1, Up it (y+pl) = Upy+pa® + X2y+ A zoy+ 2 uz+ A2,

for any z,y € J, A, u € ®. The algebra J is an ideal of J , and 1 is the unit element
of J [5].

0.5 We will need the following identities of Jordan algebras, which are direct
consequences of Macdonald’s Theorem [2]:

(1) {xayay}:xoy27 {%?JQ»?J}:{%?Jny}:xoyga

223 = x 0 22,

)

)

) (z%oy)ox=a?o(you),

(v) (xoy)? =xoUyx + Upy? + Uyz?,
) 22T = Upma™, (™)™ =™,
) UUyz = Uyoyz — x 0 Uya? — Uya3,
)

U.U, Uy =U,Upory — {22 °x,Yy, sz} + {Z’, 227?/} oU,r — {y7 2,y UzUwz} -
UzQUmya

(ix) 2Uy =z o (roy) —a?oy.

0.6 Following [1, 4, 9, 11], given a Jordan algebra J, a Peirce grading of J is
a decomposition J = Jy @ J; & Jy (direct sum of ®-modules) such that, for any

a,B,v €40,1,2},
(i) Us,Js € Jaa—p;
(ii) {Jaa Jﬁ?‘]“r} - Ja—f3+’77
(iti) {Jo,J2,J} = {J2, Jo, J} =0,
(iv) J3 C Jo, JEC o, JEC Jo+ Jo,
(v) JooJi+JyoJy CJy, JyolJy=0,

where Jy, = 0if A ¢ {0,1,2}. A Jordan algebra equipped with a Peirce grading will be
said Peirce graded. We will consider the natural projections 7, : J — Jq, mo(x) =
Zo, o € {0,1,2}. Notice that (i-v) involve at most degree two multiplications, so that
any scalar extension of a Peirce graded Jordan algebra is naturally Peirce graded.

0.7 Notice that Jy y J2 can be exchanged, i.e., taking J!, = Jo_,, for a € {0, 2},
we obtain a new Peirce grading J = Jj @ J; & J|).
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0.8 Given an idempotent e in a Jordan algebra .J, the usual Peirce decomposition
J = Jo(e) ® Ji(e) & Jo(e) of J with respect to e, where

Ja(e) =Ued,  Ji(e)=(V.—2U.)J,  Jole)=(1d—V.+U.)J (1)

[3, Section 1.5], is an example of Peirce grading of J which, following [11], will be called
an idempotent Peirce grading. Notice the lack of “(0,2)-symmetry” in idempotent
Peirce gradings. On the other hand, we recall the basic fact that, for any z,, € J,(e),

€0 Xy = Xy (2)

1. Peirce Gradings in Associative Algebras

1.1 Given an associative algebra R, a Peirce grading of R is a decomposition
R = R11 ® R10® Ro1 @ Roo (direct sum of ®-modules) such that, for any «, 3,v,0 €

{0,1},
(i) RapRys C Ras, if B=1,
(ii) RapRys =0, if B #,
We will consider the natural projections a3 : R — Rag, Tag(z) = Zapg, o, €
{0,1}.
Given an idempotent e in an associative algebra R, the usual Peirce decomposi-

tion R = Ry1(e) ® Rip(e) @ Ro1(e) ® Roo(e) of R with respect to e is an example of
Peirce grading of R.

1.2 Given a Peirce grading of an associative algebra R = R11® R10® Ro1 D Roo,
let R = R® ®e be the $-module obtained as a direct sum of R and a free ®-module
with basis {e}. Define a ®-algebra structure on R by the fact that R is a subalgebra
of R and

2
e” =e, re = x11 + Zo1, er = r11 + 10,

for any x € R, i.e., for any z,y € R and A\, u € P,

(Ae + z)(pe +y) = Ape + AMyi1 + yio) + p(z11 + zo1) + xy.

The proof of the following result is straightforward.

1.3 THEOREM. Under the conditions of (1.2), R is an associative algebra such
that R is an ideal of R, and Rop = Rap(e) N R, for any o, € {0,1}. m

1.4 Any Peirce grading R = R11 & R1o @ Ro1 & Roo of an associative algebra R
obviously induces a Peirce grading of J = R(*) by taking Jo = R11, J1 = Ro1 + Rio,
Jo = Rgo. The converse is false: Let R = G(e1, e2) be the nonunital Grassmann or
exterior algebra in two generators over ® (& is an arbitrary ring of scalars), and let
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J = R(H, which is a trivial algebra. Then, Jy = ®ey, Jo = Peq, J; = Pejes is a
Peirce grading of J which does not come from any (associative) Peirce grading of R
in the above sense, since the associative product JyJs is nonzero.

2. Peirce Gradings of Jordan Algebras

2.1 We will remark some basic multiplication properties of a Peirce graded
Jordan algebra J = Jo @ J; @ Jy, which are direct consequences of (0.5)(i)(ii) together
with the definition (0.6). If x4, Ya, 24 € Jo, @ =0,1,2, then

(i) 22 oxy = (z1 0 22) 0 X, w3 o = (71 0 x0) 0 0,
(T2 0y2) ox1 = (w1 022) 0 Y2 + (71 0 Y2) © T2,
(z0 0 yo) 0 w1 = (w1 010) © Yo + (w1 © Yo) © To,
(i) (w1 0w2)oxg = (21 0x0)0x2 = {T0, 71, T2},
(iii) 72 ((@1 0 w2) o y1) = {@w2, 1,91}, mo((z1 0 m2) oyn) = {1, 22,11},
mo((z1 0 @o) oyn) = {x1, 20,01},  mo((@10m0) 0oyn) = {wo, 1,51},
m({zt,y1,21}) = {m2(al), 1,21}, mo({zl y1. 21}) = {mo(2), y1, 21},
2({z1. 97, z1}) = {z1,m0 (7). 21}, mo({m1. 97, 21}) = {1, m2(y?) 21 ),
(
2(z

3

(v) m2(Us,7) = Usy (mo(y1)),  mo(Usyyi) = Us, (m2(37)),
(vi) ma(at) = (ma(a})’,  molat) = (mo(ad)”.
2.2 Let J be a subalgebra of a Jordan algebra J, and assume that J is equipped

with a Peirce grading J = Jo @ J; @ Jy induced by an idempotent e € J, i.e.,
Jo = Jo(e) N J. Then

x3 = 7mo(x?) o xy = mo(x?) o xy, for any z; € Ji. (1)

Moreover, (1) holds strictly on J in the sense that any linearization of (1) holds in
J, i.e.,; (1) holds in any (naturally Peirce graded) scalar extension of J. This is due
to the fact that the hypotheses extend naturally to scalar extensions of J and J.

Indeed,

23 =eoa’ (by (0.8)(2), since x5 € J; by (0.6)(i))
= {e,z1,21} (by (0.5)(1)) = (eoa?)ows —{af,e,21} (by (0.5)(ii))
= 2my(27) 0 11 — {mo(a1), e, 21} — {m2(a), e,21} (by (0.6)(iv) and (0.8)(2))
(22) oz — {ma(2?), e, 21} (by (0.6)(iii) since e € Ja(e))
= 2my(23) o xy — mo(2F) o (eoxy) + {ma(z?), z1,e} (by (0.5)(ii))
(22) o 1 — mo(2?) o 1 (by (0.8)(2) and (0.6)(ii)) = ma(z?) o z1.

:271'2

= 2my(x
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The second equality follows from the first together with the following general
fact:

23 1If J=Jy® Jy & Jy is a Peirce graded Jordan algebra and z; € Jy, then

23 =7 (x?) oy = 2% = my(x?) o 1.

Just notice that 223 = 21 02?2 = 21 omg(2?) + 11 0ome(2?) using (0.5)(iii) and (0.6)(iv).

2.4 There are examples of Peirce gradings not fulfilling (2.2)(1): Let S = ®[X]
be the free nonunital associative algebra in one generator X and let ® be an arbitrary
ring of scalars. Let L be the (associative) ideal of S generated by X4, and A = S/L.
Clearly, A is an associative algebra and a free ®-module with basis

{a=X+L, b=X*4+L, c=X>+1)}).

In the special Jordan algebra J = A(*) one can readily check that J, = ®b, J; =
Pa+Pc, Jy = 0 is a Peirce grading, but a® = ¢ # 0 and 7 (a?)oa = 0 since m(a?) = 0
because a®> =b € Js.

2.5 Let J = Jy & J; @ Jy be a Peirce graded Jordan algebra. Let J=J® e
be the ®-module obtained as a direct sum of J and a free ®-module with basis {e}.
We can define a quadratic algebra structure (cf. [5, Section 1]) on J by establishing,
for any x,y € J:

(i) J is a subalgebra of J,
(ii) e? = e, which implies
eoe = 2e,

(iii) eox = 2x9 + 21,

(iv) Uee =e,
(v) Uex = x9, which implies
{e,x,e} = 2x,,

(vi) Uge = 23 + 29 0 71 + mo(x?), which implies
{z,e,y} =x20ys + 12091 + Y2 0 21 + To(T1 0 Y1),
(vil) {e,x,y} =z 0ys + ma(x1 0 Y1) + 22 0 Y1 + X1 © Yo,
(viii) {e,e,x} = 229 + 21,
ie., for any z,y € J, o, 3 € D,
(a) (z + ae)? = 2% + a(2x9 + x1) + e, and
(b) Ustac(y + Be) = Upy + B(x3 + 22 0 21 + mo(27)) + &’y + (22 + 1)+
a2 0ys + mo(x1 0 Y1) + 21 0 Y2 + To 0 Y1) + & Be.
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Under these conditions J is automatically an ideal of J and the quotient .J /J is
isomorphic to the subalgebra ®e of J. Notice that ®e is a Jordan algebra isomorphic
to ®(t). We have the natural projections p : J — Jand 7 : J — e, given by
p(x + ae) = x, 7(z + ae) = ae, for any x € J,a € @, and we remark that 7 is a
quadratic algebra epimorphism, whose kernel is J.

2.6 The “(0-2)-symmetry” of the Peirce grading in J disappears in J (2.5).

However, we will be able to makAe use of that symmetry by further extending J. Let
J be the unitization of J. Thus J = J @ ®e® ®1. Notice that the subalgebra J & ®1
of J is simply the unitization .J of J, hence a Jordan algebra. Let J' = J Peirce
graded by J = Jo, J| = Ji, Jjy = Jo, build J” as in (2.5), and let .J’ be its unitization.

We can define a linear map ¢ : J — J’ by

90|j = Idj7 QO(G) =1- €, (1)

which satisfies

for any z € J.
The proof of the following result is straightforward.

2.7 PROPOSITION. Under the conditions of (2.6), ¢ is a quadratic algebra iso-
morphism. m

3. Main Results

3.1 In this section, when J is a Peirce graded Jordan algebra, J will denote the
quadratic algebra built in (2.5).

3.2 Asin [5], we also consider the notion of commutative Jordan algebra: a linear
algebra (C, o) over ®, such that

roy=youw and (z?oy)ox=2%0(youx)

hold strictly on J. Notice that, when 1/2 € &, these are the usual linear Jordan
algebras.

3.3 PROPOSITION. Let (J,( )%,U) be a quadratic ®-algebra such that
(i) 2U,y =z o (zoy) —x%oy, for any z,y € J and
(i) the identity (2% oy) ox = 2% o (y o x) holds strictly on J.
Then, the polynomials 431, 832, 8j3, 3274, 1675, and 64js vanish strictly on J.



8 ANQUELA AND CORTES

PROOF: Let us consider the linear algebra (J, o), whose squares will be denoted
22 = rox = 22> (1)

By (ii), (J,0) is a commutative Jordan algebra, so that (J, ()2, U) is a Jordan algebra
[5, Cor. on p. 277], where

Umy:2xo(moy)—(a:oac)oyz?(a:o(xoy)—xZOy):4Umy, @)

Vey=a26y=(v+y)?—a’—y? =2w0y=2Vy,
hence it strictly satisfies
QI Voo =V, ie., 4V, , = 4V2,
QJ2 UV, = V,U,, ie., 8U,V, =8V, U,,
QJ3 Uy(2?) = (22)2, i.e., 8U, (22) = 8(22)2,
QJ4 U,U,(z2) = (U,y)?, ie., 32U,U,(22) = 32(U,y)?
QJ5 U = U2, ie., 16U,2 = 16U2
QI6 Uy, = UsU,Us, ic., 64Uy, , = 64U,U,U,.
We have shown that 451, 852, 873, 32j4, 16j5, and 645 vanish strictly on J. m
3.4 LEMMA. Let J = Jo @ J1 ® Jy be a Peirce graded Jordan algebra. For any
x,y € J, we have the following equalities in J:
(i) (ece)ox+ ((xoe)oe)oe=eo(cox)+ (zoe)o(eoe),
(ii) (z%?oe)oe+ ((zoe)oe)ox=a?0(eoe)+ (zoe)o (eow),
(iii) (eoy)oxz+ ((zoe)oy)oe=eo(yox)+ (zoe)o(yoe).
If, in addition, the Peirce grading in J satisfies (2.2)(1), then also
(iv) (z20e)oxz=2%0(cox),
(v) (mzoy)oe—i— ((:L‘oe)oy) o:z::xQO(yoe)—i—(xoe)o(yo:r).
ProoF: Using (0.6), for any z,y € J,

z? :x§+772(a:§)—|—301 ox2+xloxg+x3+wo(x§), (1)
) 1 (a?) =ro(2?)

xoy:g;20y2+7r2(a:1oy1)+x10y2+x1Oyo+w20y1+9000y5+

=ma(z0y) =71 (zoy)

gfooyo-f-ﬁo(l"l °oyy). (2)

v

=mo(zoy)
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Using (1), (2), (0.6), and (2.5), one can readily check:

(i) (ece)ox+ ((xoe)oe)oe=eo(cox)+ (zoe)o(eoe)=12zs + 3u,

(ii) (z2oe)oe+ ((xoe)oe)oxr =a?0(eoce)+ (zoe)o(eox) = 1223 + 4my(z7) +
233% + 6x1 0 k2 + 221 © xg,

(iii) (eoy)ox+ ((xoe)oy)oe=eo(yox)+ (zoe)o(yoe)=06w0ys+3ys 0z +
3y1 0 @3 + 21 0y1 + 2ma(x1 0 Y1) + To © Y1 + T1 © Yo.

Now, let us assume that the Peirce grading in J satisfies (2.2)(1). Using (1), (2),
(0.6), and (2.5), we obtain:

(z? 0€) ox = 4x3 4 2my(2?) 0 xg + 223 0 1 + 2m(27) 0 21+
(.’13‘1 oxg)oxg—l—(xloxg)oxl +(.I‘10.T2)O.’170+ (3)

(x10x0) oxa + (x1 0 xp) 021 + (21 0 ) © X9
and

z? 0 (eox) = 4xs + 2my(27) 0 29 + 2(x1 0 2) 0 9 + 2(21 0 Tg) © T+

z2oxy +mo(xd)oxy + (x1 0xs) 0+ (4)

(x1 0 x0) 01 —HU% ox —|—7To($%) ox.

By (2.1)(i)(ii), and (2.2)(1), (3) and (4) coincide, i.e., (iv) holds.
Leta = (12 oy)oe+ ((zoe)oy) or, b=220 (yoe) + (zoe)o(you)
Using (1), (2), (0.6), and (2.5), it can be checked that

ma(a) = 2235 0 yy 4+ 223 o yo + 2(22 0 y2) 0 2 + (1 0 Y1) © ot
T2 (2($1 oxg)oyr +2(x10mg) oyr +2(x20y1) 0 w1+
(r10y2) 0wy + (w1 0%0) 0961)»
7o (b) = Qm% oys + 2m? 0 Yg + 2w9 0 (X2 0 Y3) + 29 0 (x1 0 Y1)+
o ((1’1 oxz) oy + (1 0%0) 0 y1 + @1 0 (T1 0Y2)+
$10(931Oy0)+$10(152091)4-1710(9600?/1)),
and mo(a) = m2(b) because
71'2((:01 oxg)oy; + (x10xg)oy; + (x20yy) o xl) =x90(r10Yy1)+ 7r2(x1 o (xg oyl))

by (2.1)(iii) and (0.5)(ii).
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We also have, by (1), (2), (0.6) and (2.5)

m1(a) = (w1 0x2) 0ys + (X1 0 wg) 0 y2 + (21 0 x2) 0 Yo + (w1 0 Tg) © Yo+
x%oyl +xfoy1+m%oy1+2(:ﬁzoyz)om1+(mloy1)ox1+
2(z2 0y1) 0w + 2(z20y1) 0 2o + (T1 0Y2) 0 T2 + (W1 0 Ya) 0 W0+

(x1 0yp) 0 xa + (x1 0 yo) © o,

m1(b) = 2(x1 0 2) 0 Yo + 2(x1 0 ) 0 Yo + a5 0 Y1 + T oY1 + a5 0 Y1+
2x9 0 (21 0y2) + 2x9 0 (X1 0Yp) + 222 0 (X2 0 Y1) + 222 0 (T 0 Y1)+
w10 (w20y2) + 210 (21 0Y1) +T1 0 (T 0Yo),
and 71 (a) = m1(b) because

(x10x9)0yg+(x1020)0yo+ (T20y2)0xy +2(z20Y1)0xo+ (z10Y2) 0o+ (z10Y0) 0o =

(x10x9)0oys+ (x10x0) oy +x20(T10Yy2) +x20(T10Y0)+2220(T00Y1)+ 210 (T00Y0)

using (2.1)(i)(ii).
Let ¢ be the map defined in (2.6). By (2.6)(1)(2), and the fact that ¢ is a
quadratic algebra homomorphism (2.7),

p(mo(a — b)) = m(pla—1b)) =

7 (2% o'y)o’ (1=€)+ (e’ (1=€))o'y) o o (2% o/ (yo' (1=€)) + (o (1=€))o' (yo'a)) ) =

- ((gﬂ’ o y) o 14 (o' 1) o' y) o'z — (22 o (yo' 1) + (z0' 1) (y o x)))—

7 ((@% o y) o e+ (o' €) o' y) o w — (2% o (y o' €) + (' €) o (yo' @) ) =

!, (2x2' o y+ (2w y) o x— (x¥ o 2+ 22 (yo w))) _

7 ((gﬂ’ o y)o' e+ ((xo' e) o' y) o'z — (1% o (yo'e)+ (x o e) o (yo x))) _
4(0) —w;<(x2’ o' y)o e+ (o' e) o y) o'z — (22 o (yo'e) + (0 e) o (yo x))) ~0
since J’ satisfies the same conditions as J.

By injectivity of ¢ (2.7), mo(a — b) = 0, and we have shown m,(a — b) = 0 for
any a = 0,1,2, i.e., a — b = 0, that is to say, (v) holds. m

3.5 THEOREM. If J = Jy @ J1 & Jy is a Peirce graded Jordan algebra, then J
satisfies (3.3)(i). If the Peirce grading of J satisfies (2.2)(1) strictly, then J satisfies
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(8.8)(i). If, in addition, J does not have 2-torsion, then J is a Jordan algebra, and
Jo = Ja(e) N J, for any a € {0,1,2}.

PROOF: By the definition (2.5) of J, for any o, 3 € ¢, x,y € J,
((@+ae)o(y+8e)) o (z+ae) — (w+ae)? o (y+ fe) =

<$Oy+ﬁ(2wz+x1)+a(2y2 +y1)+20456) o(z+ae)— (332+Oé(2w2+-r1)+0626) o(y+pBe) =
(:lcoy)ox—a:20y+a<(2y2—|—y1)oaj—|—eo({coy)—(2x2—|—:1;1)oy)—|—
a2<60(2y2+y1)—eoy> —|—aﬁ<eo(2x2+x1)+260x—eo(2x2—I—xl))+
a’B(2ece—eoe)+ B((2x2 +x1) o —eox’) =
(xoy)ox—xQoer?Oé(yzOm +y1 020+ T2 0Y2 + ma(x1 oY1)+

20%y; + 208212 + x1) + 20° Be + 26(x5 + 2 0 1 + mo(a7)), (1)
using (3.4)(1)(2), (0.6), and (2.5). Now, (2.5)(b) and (1) with (0.5)(ix) for J imply

(3.3)(i) for J.

Let us now assume that the Peirce grading of J satisfies (2.2)(1). Using that e
is an idempotent of J (2.5)(ii), we have

((m+ae)20(y+ﬁe)>0(aﬁ+ae): ((m2+a3§oe+aze)0(y+ﬁe)>O(:B-I—oze):

(mQOy)ox—i—a((xQoy)oe—i—((xoe)oy)ox)—}—a2<(eoy)ox+((moe)oy)oe)—}—
as(eoy)oe—}-ﬂ(:cQoe)ox+aﬁ<(w2oe)oe+((xoe)oe)ox)—}-

a2ﬁ<(eoe)ox+((a€oe)oe)oe>—|—a35(eoe)oe, (2)

and

(x+ae)2o<(y—|—ﬂe)o(x+oze)> :(;U2+oza:oe+oz26)o<(y+56)0(213+04€)) =

:1:2o(yox)+a(x2O(yoe)+(xo€)0(yofll))+042<€O(y0$)+(1’06)0(3/06))+
a3eo(yoe)+ﬁxzo(eog:)+aﬁ<x20(eoe)+(xoe)o(eox))+

QQﬁ(GO(eox)—F(azoe)O(eoe))—l—aSBGO(eoe). (3)
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The equality between (2) and (3) follows from (0.5)(iv) applied to J, and (3.4).
Moreover, any scalar extension of J comes from the corresponding scalar extension
of J (naturally Peirce graded, and satisfying (2.2)(1) since J satisfies it strictly)
through the construction (2.5), hence it also satisfies the equality (2) = (3), i.e., J
satisfies (3.3)(ii).

By (3.3), the polynomials 4j1, 8ja, 8j3, 32j4, 1655, and 64js vanish strictly on J,
hence, for any linearization p of j;, i = 1,...,6, 2¥p vanishes on J, for some k. Now
let us assume that J does not have 2-torsion, and recall the natural projections pu, T

defined in (2.5). We have that 0 = u(2*p(J)) = 2*u(p(J)) implies u(p(J)) = 0 since
,u(p(j )) € J. On the other hand, since 7 is a quadratic algebra homomorphism (2.5),
7(p(J)) C p(r(J)) C p(®e) = 0 because Pe is a Jordan algebra. Thus p(J) = 0, and
we have shown that the polynomials j;, ¢ = 1,...,6, vanish strictly on J, ie., Jis
a Jordan algebra. Finally, the equalities J, = Juo(e) N J, for any a € {0,1,2}, are

immediate consequences of (0.8) and (2.5). m

3.6 The unitization J of J (0.4) is a particular case of J when we consider in
J the trivial Peirce grading given by Jo = J, J; = Jy = 0, which obviously satisfies
(2.2)(1) strictly, and write e = 1. In this sense, (3.5) can be viewed as a generalization
of [5, Theorem 5] in absence of 2-torsion.

3.7 Notice that if J does not have 2-torsion and satisfies (2.2)(1), then it auto-
matically satisfies it strictly, which happens with any identity of degree at most three
in each of its variables.

3.8 COROLLARY. A Peirce grading J = Jo & J1 & Jo of a Jordan algebra
without 2-torsion J satisfies (2.2)(1) if and only if there exists a Jordan algebra J
with an idempotent e such that J is a subalgebra of J, and J, = ja(e) N J, for any
ae€{0,1,2}.

PrROOF: The “only if” follows from (3.5) and (3.7), while the “if” is proved in
(2.2). m
In the following results, we will show that basic conditions of regularity on a

Peirce graded algebra automatically imply (2.2)(1).

3.9 LEMMA. Let J = Jo & J1 & Jy be a Peirce graded Jordan algebra. Then

zoJ =22=0, for any z = 23 — ma(x3) o w1, with ¥, € J;.

ProoF: Using (0.6)(iv), 22 = aa+ag, where ay = ma(2?) € Jo, ag = mo(2?) € Jo.
It Yo € J07 then {xlaa27y0} = {a0>$17y0} =0 by (06)<H)(1H)7 hence

(72(55%) oxy)oyy = (azox)oyy = {as, z1,yo} + {x1,a2,y0} (by (0.5)(ii))

- {GanlayO} - {a27x15y0} + {aoamlay()} = {x%axlay()} = a:.:li %Yo

by (0.5)(i), which implies z o Jy = 0.
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By (0.7), also zo Jy = 0. Let y; € J;

(ma(x7) ow1) o g1 = (az 0 m1) o y1 = {az, 1,51} + {1, 02,31} (by (0.5)(ii))
= mo({z1, 21,91 }) + mo({z1, 2%, 51}) (by (2.1)(iv))
= ma(a} o y1) + mo(x7 oy1) (by (0.5)(1)) = =7 oy,
which implies z o J; = 0, and we have shown zo J = 0.
Now,
(ma(x2) 0 x1)? = (ag 0 21)* = ag 0 Uy, ay + Uy, 2?2 4+ Uy, a3 (by (0.5)(v))
= Ugo @] + Uy, a3 (by (0.6)(i)(v))
= Ua, (a2 +ao) + Uﬂhag = Ua,a2 + Uy, a% (by (0.6)(i))
= Uay+ao@2 + leag (by (06)(1)(111))
= Uz2a2 + Ug,a3 = Uy, Uy, az + Uy, a3 (by QJ5)
= Us, (Us,az + 63) = U, (m0(U,23) + ma(at) ) (by (21)(v)(vi)
= Uy, (mo(ad) +ma(a1) ) (by (0.5)(vi))
= Uy, z1 (by (0.6)(iv)(v)) = ¥,

(1)
hence
2% = (2§ — ma(a]) o w1)2 = (23)* + (ma(z}) 0 m1)2 — 2} o (me(x7) 0 21)
=20 + 20— (z + (mo(x?) o :1:1)) o (772(:17?) o xl) (by (0.5)(vi) and (1))
= 2% + 2§ — (ma(27) o 1) o (m2(2}) 0 1) (since z o J = 0)
= IE? + 37? — 2(71'2(51}'%) @) x1)2 =0
by (1). m

3.10 LEMMA. Let J be a Jordan algebra, z € J.
(i) zoJ=22=0=230J=(2%)?=(23)3 =0.
(ii) zoJ =23=0= U,U;z = 0.
(ili) zoJ =22=23=0= Up,.J =0, for any x € J.
PRroor: (i) For any = € J,

2ox={2% 22} (by (0.5)(1)) =0,

(23)2 = 2% = U,22% (by (0.5)(vi))
(2%)3 = 2% = U,22° (by (0.5)(vi))

b

0
0.
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(ii) For any = € J,
UUpz = Usopz — 20 Up2? — Uy2® (by (0.5)(vii)) C Uoyz —z0J —Uyz® =0.

(iii) For any x,y € J,

Uv.oy = U.UU.y (by QI6) = U,Upory — {22 02, y, Uz} + {x, 2%y} o Uz —
{y,z,U,U,z} — U,2U,y (by (0.5)(viii)) =0

by the hypotheses and (ii). m

3.11 THEOREM. If J = Jo & J1 & Jy is a Peirce graded Jordan algebra, then
(2.2)(1) holds strictly when J is under any of the following circumstances:

(i) J does not have 2-torsion and does not contain nonzero invisible elements,
(ii) J is special and semiprime,
(iii) J is nondegenerate.

PrROOF: We remark that any of the properties (i-iii) on J is inherited by the
scalar extension of J ®g¢ ® of J when ® is the unital, associative, commutative ring
of ®-polynomials in an infinite set of variables. Then, if we show that (2.2)(1) holds
on J, it will also hold on J ®¢ ®, which implies (2.2)(1) holds strictly on .J.

Let x1 € Jp, and z = 23 — ma(2?) o x1. We have to show that, assuming (i), (ii)

or (iii), z = 0.

(i) By (3.9), zoJ = 0, which implies that z is invisible (cf. [8]) since J does not
have 2-torsion. Hence z = 0.

(ii) Since J is special, we can find an associative algebra A such that it is a
envelope of J, i.e., J < A and A is generated as an associative algebra by J. Let
I be the ideal of A generated by z. Since 22> = z o0 J = 0, it can be readily seen
that I = 0. Then L = I N J is an ideal of J such that Uy L C II]1 = 0, which, by
semiprimeness of J, implies L = 0. Hence z € INJ =L = 0.

(iii) Notice that ¢ := 23 satisfies t o J = 2 = t3 = 0 by (3.10)(i). Hence, for any
x € J, Uiz is an absolute zero divisor of J by (3.10)(iii). By nondegeneracy of J,
Uiz =0 for any x € J, i.e., t itself is an absolute zero divisor of J, hence t = 0 again
by nondegeneracy. Thus, 22 = 0, and (3.10)(iii) implies that U,z is an absolute zero
divisor of J, for any = € J, but this implies, as above, that 2 = 0. m

3.12 COROLARY. If J = Jo® J1 ® Jy is a Peirce gmded Jordan algebra without
2-torsion in any of the situations (3.11)(i—iii), then J is a Jordan algebra with an
idempotent e such that J is a subalgebra of J, and Jo = Ja (e) N J, for any a €
{0,1,2}. m

3.13 FURTHER COMMENTS: The condition of absence of 2-torsion can be re-
moved in (3.5) (hence in (3.8) and (3.12)). In that general setting, the proof is much
more involved and lengthy and will be the subject of a forthcoming paper.
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